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Abstract

This paper provides an example which indicates that updating player’s
knowledge is not straightforward in the conventional model of
knowledge, and a framework, using players’ perceptions of information
partitions, which allows us straightforward knowledge updating. An
analogue of the concept of common knowledge, called common thought,
is proposed, and the equivalence of the concept of common knowledge
and that of common thought under the condition of perception of finest

common coarsening of the players’ information partitions is verified.
1. Introduction

One of the purposes of this current paper is to provide an example

which indicates that updating knowledge in Aumann’s model [1] of
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knowledge is not straightforward. More concretely, the example shows
that straightforward knowledge updating implies that player’s knowledge
depends on the knowledge of others, which seems to contradict our usual
understanding that what a player knows is independent of what others
know. To resolve this problem using players’ perceptions of information
partitions is another purpose of this paper. Notation and terminology in
this paper are based on [1, 6].

Aumann’s framework [1] is used quite commonly to express players’
knowledge. In fact, [1] is the seminal work on the notions of knowledge
and common knowledge, and [5] is a comprehensive review on the notions
of knowledge and common knowledge based on [1]. Vassilakis and Zamir
[15] summarize the framework in [1] and clarify the relations between
Harsanyi’s attribute vectors [7] and the concept of the states of the world
in [1, 5] using Mertens and Zamir’s universal beliefs space [11]. Topics on
backwards induction, common knowledge, and substantial rationality are
dealt with in [2, 6, 13] using Aumann’s framework [1]. It is shown in [2]
that common knowledge of substantial rationality implies the backward
induction solution in games of perfect information, whereas in [13] that
common knowledge of substantial rationality does not imply the
backward induction solution in games of perfect information. Then, the
difference of [2] and [13] is discussed and clarified in [6].

An analogue of the concept of common knowledge, called common
thought, is newly proposed in this paper by using players’ perceptions of
the information partitions and the concept of strings that is commonly
used in hypergame theory [4, 8, 9, 10, 17]. An example that shows
difference and similarity between the concept of common knowledge and
that of common thought is given in this paper. In particular, it is verified
in the main theorem of this paper that common knowledge and common
thought are equivalent under the condition of perception of finest common

coarsening of the players’ information partitions.

Although the theory of hypergames treats incompleteness of
information in games, it has been developed almost independently of the
theory of games of incomplete information. [3] is the seminal work on the
theory of hypergames, and [4] gives an overview of the theory of

hypergames. [14] developed an operational procedure for conveniently
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analyzing a hypergame. [16] improved hypergame analysis. [17] gives
definitions of solution concepts in hypergames and relationships among
them. The hypergame framework is applied also to negotiations [18]. As a
generalization of the concept of misperception, the concept of
interperception is developed in the seminal works by Inohara [8, 10]. A
decision situation is called with interperception, if the possibility of the
players’ misperceptions on the elements of situations are commonly
perceived by them. [10] gives a generalization of Nash equilibrium by
using the concept of interperception. The difference of the approaches to
incompleteness of information in hypergame theory and the theory of

games of incomplete information is also discussed in this paper.

In the next section, the conventional model is briefly introduced based
on [1, 6]. The example which indicates that updating knowledge is not
straightforward is clarified in Section 3, followed by a resolution using
players’ perceptions of information partitions in Section 4. Section 5
verifies some elementary facts on players’ perceptions of information
partition, and Section 6 deals with higher-order perceptions and the
concept of common thought. Before the conclusions and the discussion on
the difference of the approaches to incompleteness of information in
hypergame theory and in the theory of games of incomplete information,
the main theorem on the equivalence of common knowledge and common
thought under the condition of perception of finest common coarsening of

the players’ information partitions is proved in Section 7.

2. Conventional Model

In this section, a conventional model of knowledge is summarized
based on [1, 6].

Let N = {1, 2, ..., n} be the set of all players, and let (Q, (P;);. ) be
the pair of the set Q of all states of the world and information partitions
(P;);cn of the players, where P; is a partition of Q for i € N. Usually,
P, is thought to express player i’s whole knowledge on the game in which
player i is involved, and, in particular, the knowledge should be

independent of the knowledge of others, that is, (P} );;-
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For i e N and o € Q, P,(») is the element of the partition P, to
which state ® belongs. For i € N and event E, that is a subset of Q, let
K;(E) be {o| P,(0) = E}. K;(E) expresses the event that player i knows
event E. In other words, player i knows event E if the true state o is in
K;(E). We also say that player i has knowledge at state o € K;(E) that

event E occurs.

For i € N and event E, let A(E) be N;.nyK;(E). A(E) expresses
that the event that all of the players know event E. In other words, again,
all of the players know event E if the true state ® is in A(E). For any
integer m such that m >1, A™(E) denotes A(A™ Y(E)), where
AY(E) = A(E). Then, for event E, let CK(E) be N%_; A™(E). CK(E)
expresses the event that event E is common knowledge among the

players. In other words, again, event E is common knowledge among the
players if the true state o isin CK(E).

As one can easily find from the above definitions, in particular, those
of higher-order knowledge such as K;(Ky(E)) for E c Q, that a
player’s knowledge is defined by involving the knowledge of others. More

precisely, the events that a player knows are determined by the
information partitions of others as well as by that of his/her own. In the
next section, an example indicates that straightforward knowledge
updating implies that a player’s knowledge depends on the knowledge of
others.

3. Example on Updating Knowledge

In this section, a simple example shows that updating knowledge is
not straightforward.

Let Q = {a, b, ¢}. Then, one can have eight possible events, that
is, @, {a}, {b}, {c}, {a, b}, {b, ¢}, {c, a}, and {a, b, c}. Let N = {1, 2},
P, = {{a, b}, {c}}, and Py = {{a}, {b}, {c}}. Then, one can have (first-order)
knowledge, that is, K;(E) and Ky(E) for E c Q, of player 1 and 2,

respectively, as in the second and third rows in Table 1. Since K;(E) and
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K,(E) are events, successive application of K, and K; to them,
respectively, one can have (second-order) knowledge, that is, Kq(K;(E))
and K;(Ky(E)), as in the fifth and fourth rows in Table 1, respectively.

Table 1. First- and second-order knowledge of players 1 and 2 with
(Pl ’ P2 )

K\E @ oy by b aby by {eap e b
KL (E) %) %) @ {c}  {a,b} {c} {c}  {ab,c}
Ky (E) ) I ) B (4 B A R L B (A AR L
Ki(Ky(E) | © 9 S G (U 4 {e}  fa,b,c}
Ky)(Ky(E) | 9 @ 9 A Habp g {c}  {ab.cf

Now, let us change the information partition of player 2 from P, to
Py = {{a},{b,c}}. That is, player 2 gets to have less knowledge than in
above. The same procedure as in the above case with the pair (P, P;) of

information partitions derives the (first- and second-order) knowledge in
the case with the pair (P}, P3) as in Table 2.

Table 2. First-and second-order knowledge of players 1 and 2 with
(Pl’ PZ’)

KNE | @ {af ® & lab {bc {eal labecl
KE | @ @ @ (& f{b & fabc
KE | 9 @ © @ & e @ f{abc

K(KE) | @ @ @ o @ fe} @ {ab,c}

K5(K,(E)) %) %) %) %) {a} %) %) {a,b,c}
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Comparing the fourth rows in Tables 1 and 2, that is, the rows with
the index "K;(K9(E))," one can see that player 1 knows more in Table 1

than in Table 2, in spite of the fact that his/her information partition P
is the same in both cases. More concretely, for example, one can see that
K,(Ky({a, b})) = {a, b} in Table 1, whereas K;(Ky({a, b}))=D in
Table 2. The former equation means that player 1 knows the event that

player 2 knows event {a, b} if the true state is either a or b, whereas the

latter equation means that player 1 never knows the event that player 2

knows event {a,b} at any true state.

This example seems to contradict with our usual understanding that
the information partition of a player describes the player’s whole
knowledge and that what a player knows is independent of what others,

know.

This problem occurs because of the implicit assumption that the

players correctly perceive each other’s information partition (P;); 5, and

that the players know which states belong to elements of an information
partition. In the next section the author proposes a resolution of this

problem by using players’ perceptions of information partitions.
4. Players’ Perceptions of Information Partitions

In this section, the author introduces the concept of players’
perceptions of information partitions to resolve the problem of dependence
of knowledge obtained in Section 3. In this section, the terms of ‘think’
and ‘thought’ are used for higher-order knowledge instead of know’ and

‘knowledge’, respectively, so as not to result any confusions.

Let N, Q, and (P,),_y be as in Section 2, that is, the set of all

players, the set of all states of the world, and information partitions of the

players. For partitions P and @ of Q, P is said to be a refinement of Q if
P(w) c Q(w) for all » € Q, denoted by P > @. In this case, moreover, Q

is said to be a coarsening of P.
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Consider the cases that each player perceives correctly his/her own
information partition but he/she does not always perceive the information

partitions of others and he/she has perceptions of those. Let P; denote
player i’s (first-order) perception of P;, that is, player i perceives that

player j has Pji as his/her information partitions. It is assumed that

Pii = P, for each i € N, because each player usually perceives correctly

his/her own information partition. It should be assumed, moreover, that

Pji is a coarsening of P, as partitions of Q, so that the information
expressed by Pji is included in that by P,. For i € N, a list (Pji )jeNs
where Pii = P, is called player i’s (first-order) perceptions of information
partitions, denoted by Pl

For ie N, je N, and o € Q, Pji((o) is the element of the partition

Pji to which state ® belongs. If j = i, in particular, then Pji(oa) is equal

to P;(o), where P;(®) is the element of the partition P; to which state o
belongs.

For i € N, j € N,and event E, that is a subset of Q, let K;(E) be

{o |P]L(o)) c E}. K;(E) expresses the event that player i thinks that

player j knows event E. In other words, player i thinks that player j
knows event E if the true state ® is in K; (E). We also say that player i

has the thought that player j knows event E at state o € K;(E) If
j =i, in particular, K;(E) is equal to K;(E), where K;(E) is defined as
{o | P(w) c E}, and expresses the event that player i knows event E.

For example, let Py, P, and P'5 be {{a}, {b}, {c}}, {{a, b}, {c}}, and

{{a, b, c}}, respectively. Note that P, is a refinement of Py and P'5, and
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that Pj is a refinement of P'%. Then, K;(E), Ki(E), K(Ki(E)),
K'5 (E), and K;(K'} (E)) are as in the Table 3.

Table 3. Thought of player 1 with P;, Py, and P'}

K\E @ Aa} b} ¢} {a,b} {b,c¢} {c,a} {a,b,c}

Ky (E) @ Hdaf b} ¢ fab} fbci feab fabc
Kig) |2 2 @ {4 fab &l fabd
K(K)E) | Y 92 9D g labp | ¢t {ab.ycf
K!%(E) (%) %] %] %] %] %) %) {a, b, C}

Kz(Krlz(E)) %) %) %) %) %) %) %) {a, b, C}

Table 3 shows that the thought derived by P, includes that by P21 or
that by P'L, in the sense that, at a state, if player 1 thinks by P21 or by

P’% that player 2 knows an event, then player 1 knows the event by P
(see Proposition 1 in Section 5). Table 3 also shows that the thought
derived by P21 includes that by P’% (see Lemma 1 and Proposition 1 in
Section 5). Moreover, one can see from Table 3 that no additional thought
can be derived by P; to that by P21 (see Proposition 2 in Section 5). Thus,

the problem in the example in Section 3 is overcome, at least in the
example given above, using the players’ perceptions of information
partitions.

The next section is devoted to verifying some elementary facts on the
framework proposed in this section, and consequently, to verifying that
the above claim in terms of the example that the problem is overcome is

generally true.
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5. Elementary Facts

In order to verify Propositions 1 and 2, five lemmas should be proved.
The proofs of them are almost straightforward.

Lemma l.For ie N, je N, and o € Q, P,(0) < PJL(O))

Proof. It is evident by the definition of coarsening of partition and

the assumption that P; is a coarsening of P,.

Lemma 1 shows that a coarsening of an information partition derives

less thought than the information partition. It supports the relationships
of P21 or P'% toward P, and those of P’% toward le in the example in

Section 4 (see Table 3 in Section 4).
Lemma 2. For E c Q, K;(E) c E.

Proof. If o € K;(E), then P;(w) = E by the definition of K;. Since

o is an element of P;(»), ® € E holds.

Lemma 2 shows the event derived by K; from an event is included in

or equal to the original event.
Lemma 3. For o € Q, K;(P;(0)) = P:(o).

Proofs. K;(P;(w)) € P(w) holds by Lemma 2. If o' ¢ K;(P:(0)),
then P;(o') is not a subset of P;(w) by the definition of K; and, in

particular, P;(o') # P,(w). Since P; is a partition of Q, o' ¢ P;(o).

By Lemma 3, one can see that the event derived by K; from an
element of information partition is equal to the original cell.

Lemma 4. If E c F, then K;(E) c K;(F).

Proof. If w € K;(E), then P(w) c E by the definition of K;. If

E c F, then P:(0) = F holds, and one can have that o € K;(F) again
by the definition of K;.
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It is verified by Lemma 4 that K, preserves the relation of “set

inclusion” between two sets.

Lemma 5. For E c Q, K;(K;(E)) = K;(E).

Proofs. K;(K;(E)) c K;(E) holds by Lemma 2. For o e K;(E),
P.(0) = E holds by the definition of K;. By Lemma 4, one can have that
K;(P:(»)) c K;(E). Thus P(w)c K;(E) by Lemma 3. Therefore,
o € K;(K;(E)) by the definition of K;.

As in Lemma 3, one cansee that the event derived by K; from K;(E)
is equal to K;(E). Comparing to Lemma 2, one can see that K; never

shrinks knowledge.

By using these lemmas, the following two properties are verified.

Proposition 1. For E < Q, K;'.(E) c K;(E).

Proof. For o K; (E), Pij (0) = E holds by the definition of K; By

Lemma 1, one can have that P:(0) c E, and o € K;(E) by the definition
of Ki'

Proposition 1 means that when player i thinks that player j knows an

event at a state, player i also knows the event at the state.

Proposition 2. For E < Q,K;(K}(E)) = K'(E).

Proof. K;(K'(E)) < K(E) holds by Lemma 2. K;(K'(E)) > K!
(K;(E)) also holds by Proposition 1. Since K;(K;(E)) = K;(E) by
Lemma 5, one can have that KL(K;(E)) - K;(E)

By Proposition 2, it is implied that all and only the thought of player i

on player j’s knowledge are described in K;
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6. Higher-Order Perceptions and Common Knowledge

Employing the concept of strings of players [4, 8, 9, 10, 17], higher-
order perceptions on information partitions and an analogue of the
concept of common knowledge, called common thought in this paper, can
be easily defined and be dealt with.

Let N, Q, and (P;);.y be as in the Section 2 and 4, that is, the set of

all players, the set of all states of the world, and information partitions of

the players. Also, let P is the finest common coarsening Ajcn P; of
(P;);cn that is, P satisfies i) P, > P for all i € N, and (ii) if there
exists Q such that P, > @ for all i € N, then P > . Moreover, for event
E,let K(E) denote {o|P(0) c E}.

For ie N, let, moreover, Y; be {c=iiy i, (p=1,2,..)
iy, ig,...s ip € N, iy =i, 4 # ipq(r = 1,2, ..., p—1)} called the set of all
strings of players of i. Note that the last player in the string in Y is
player i in this definition.

Using the strings of players the author gives an inductive definition

of players’ higher-order perceptions on information partition. For
ieN,je N, and c = jjig i, € >, chs denotes player i’s (note that
i, = i) perception of P;lllep_l. That is, Pj6 means player i’s perception

of player i, ;’s perception of ... player i;’s perception of player j’s

information partition P;. Assume that Pii = P, for i € N, and that for

ieN,jeN, and o =iiy-i, € Xj such that o # i, P? = P27 if
i =]

For ie N,je N, o =ijig-ip € Y, and event E, let K]G(E) be
{o] P?(o)c E 3 K?(E) expresses the event that player i thinks that

player i, ; thinks that ... player i; thinks that player j knows event E.
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In other words, player i thinks that player i, _; thinks that ... player i

thinks that player j knows event E if the true state o is in K]G(E) If

J =1, in particular, K]G(E’) is equal to K;z B (E).

For ie N and ceY;, a list (PJ.G)J-EN is called string o's

perceptions of information partition, denoted by P°, and a list (P° )GEZ;

is called player i’s overall perception of information partitions, denoted by

P;. One can see that P; includes all player i’s higher-order perceptions

as well as player i’s first-order perceptions on information partitions of

the player. In order to avoid the problem of dependence of knowledge
described in Section 3, P; = (P° )oezj should satisfy that for

.o . . . . igig i
C=1lig i, € Z; and j € N,Pjcy is a coarsening of Pi12 370,

Now, let us define an analogure of the concept of common knowledge,

called common thought. For ie N and event E, let A'(E) be
Njen K; (E). AY(E) expresses the event that player i thinks that all of

the players know event E. In other words, player i thinks that all of the
players know event E if the true state ® is in Ai(E). We also say that
player i has the thought that all of the players know event E at sate
w e AYE).

For ie N, =ijig-i, € X;, and event E, let A°(E) be Njn

K]G(E) A°(E) expresses the event that player i (note that i, =1i)

thinks that player i, ; thinks that ... player i; thinks that all of the

players know event E. Moreover, for i € N and event E, let CT;(E) be

ﬂcez*f A°(E). CT;(E) expresses the event that player i thinks that event

E is common thought among the players. Then, for event
E,CT(E) = N;cNyCT;(E) expresses the event that event E is common
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thought among the players. In other words, event E is common thought

among the players if the true state o is in CT(E).

Now let us see an example to compare the concept of common
knowledge and that of common thought. Let N ={1,2} and

Q={a,bc,d}. Also, le¢ P, and P, be {{a,bd}, {c}, {d}}] and
{{a}, {b}, {c, d}}, respectively. Moreover, for i € N and c € Y such that
o #1, let P° be {{a, b}, {c, d}}, and for i ¢ N and o € X3 such that

c # 2, let P° be {ia, b}, {c, d}}. Then, one can have player i’s overall
perceptions of information partitions P; for i € N. Then, one can have

CK(E), CTY(E), CT*(E), and CT(E) for possible event E as in Table 4.

Table 4. Coincidence of common knowledge and common thought

CK,CT\E | @ {d {b} {e} {d} {a,b} la.c} {a,d}

CK(E) s O @ @ %] {a,b} %) @
crl(E) o @ %) %) %] {a,b} @ %)
CT2(E) s o %) %) @ {a,b} @ %)
CT(E) 2 @ %) %) %) {a,b} %] %)

CK,CT\E | {b,c} {bd} {cd} {a,b,c} {a,b,d} {a,c,d} {b,c,d}  {a,b,c,d}

CK(E) %) %] {e,d} {a,b} {a,b} {e,d} {e,d} {a,b,c,d}
CTl(E) %) %) {e,d} {a,b} {a,b} {e,d} {e,d} {a,b,c,d}
cT? (E) %) %) {e,d} {a,b} {a,b} {e,d} {e,d} {a,b,c,d}

CT(E) @ %) {e,d} {a,b} {a,b} {e,d} {e,d} {a,b,c,d}
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One can see in Table 4 that common knowledge CK and common
thought CT coincide with each other. It is because each player has the

finest common coarsening of the true information partitions, that is, P
and P, as his/her perceptions of the other’s information partitions (see

Theorem 1 in Section 7).

Table 5. Difference of common knowledge and common thought

CK.CT\E | @ {a {} (o d bl fad {a,d}
CK(E) @ o o @ {d) @ %) {d}
cTY(E) % o @ % % {a,b} % %
CT?(E) @ o 2 2 @ {a} {a} {a}
CT(E) @ o o @ @ {a} % @

CK,CT\E {b,c}  {b,d} {c,d} {ab,c} {a,bd} {a,c,d} {b,cd} {a,b,c,d}

CK(E) % &  {d} H{abc {d} {d} {d} {a,b,c.d}
crt (E) %) %) {e,d} {a,b} {a,b} {e,d} {e,d} {a,b,c,d}
CT?(E) Z @ %) {a} {a} {a} {b,c,d} {a,b,c,d}
CT(E) %] %)} %] {a} {a} %] {e,d} {a,b,c,d}

Table 5 is generated by P, = {{a, b}, {c}, {d}}, P» = {{a}, {b, c},
{d}}, P° ={{a, b}, {c, d}} for ie N and o e X] such that o =1, and

P? = {{a}, {b, ¢, d}} for i e N and o € X5 such that ¢ # 2. In Table 5,

common knowledge CK and common thought CT do not coincide
anymore. Moreover, there does not exist even the relation of “set-
inclusion” between them. This example shows that the concept of common

thought is actually different from that common knowledge.
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7. Main Theorem

In this section, the main theorem, that claims that the concept of
common knowledge and that of common thought coincide under condition
of perception of finest common coarsening of players information
partitions, is verified. In order to verify the main theorem (Theorem 1),
one needs to prove four more lemmas.

Lemma 6. For i € N and event E and F, and K;(E)N K;(F)
- K;(F N F).

Proof. If o € K;(E)N K;(F), then one can have that P:(0) c E and
that P;(0) c F. It is followed by P,(w) = (E N F). Thus, o € K;(EN F).
If ® € K;(EN F), then one can have that P,(w) = (EN F). This means
that P:(ow) c E and that P(o)c F. Thus, one can have that
o e K;(E)NK;(F).

Lemma 7. For event E, positive integer m, and 1iy,ig,...1, € N,

A™(E) ¢ Ky (K, (- K; (E))).

Proof. For i; € N, one can have that A™(E)= A(A™ Y(E))
= Nien Ki(A™H(E)) < K; (A™7(E)). Similarly, for iy € N, one can
have that A" '(E) = N;cn K;(A"*(E)) < K;, (A" *(E)). By Lemma 4
in Section 5, K; (A" (E))c K; (K, (A" *(E))) is satisfied. By
induction, one can have the result.

Before proving Lemma 8, let us define a relation of reachability on Q.

For a positive integer m, and ® and ® in Q, ® is said to be reachable to

’

o, denoted by o ~ o, if there exist (= w), ©g,..., ®,,(= ®') and
i), igs- iy € N such that for any k=1,2,...,m-1 0, € pik(ﬂ)k)-
This definition of reachability and the proof of Lemma 8 are essentially

the same as the ones in [12]. Since this relation is an equivalence relation

on Q, it generate a partition of Q, denoted by R = {R(®)}

0e)
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By definition, one can have that for weQ,ie N, and
o € P(»), ® ~ ®. Thus, for ie N and o e Q, P:(0) € R(w), that is
followed by that R is a coarsening of P, for all i € N. Therefore, for
e Q, Ajey Pj(0) © R(o), since Ajoy Pj is the finest coarsening of

(PL )ieN'

Lemma 8. Assume that P = AjcnP; for all i € N and all ¢ € M
such that o # i, where njcn Pj is the finest coarsening of (P;);.y. For

o € Q and event E, the following two statements are equivalent;
1. ocK;(K;,(-(K; (E)))) for all positive integer m and all
i,19,...1,; € N.

2. © € K" (E) For all integer m and all iy, iy, ...ip, € N.

Proof. First, assume that o € K; (K;, (- (K; (E)))) for all positive

integer m and all i, iy, ...i,, € N. In the case of m =1, in particular,
o € K; (E) for all ij € N. This implies that o € Klll1 (E) for all i € N
since K; (E) = K;ll (E). in the case of m >1, it has to be shown that
o € K(E), because Kiilliz"'im (E) = K(E) for all positive integer m such

that m > 2 and all i, iy, ...7,,, € N by the assumption of this lemma.

o e K; ((K;, (- (K; (E)) implies that for all oy e P (0), all

o3 € Py(0g), ..., and all o, eP  (0,4), P (o,)cE, which
means that o' € E for all ©' such that o ~ ©® with i, iy, ..., i,,, and
some o;(= ®), ®g, ..., ®,(= ®'). Therefore, with the consideration on all

positive integers m and all i, iy, ...7,, € N, one can have that o' € E if
o~ o. It is followed by R(w)c E. Since njcy Pj(w) c R(w) is
generally true for o € Q, ( Ajcy Pj)(0) c E, that is, o € K(E), is

satisfied.
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Next, assume that o € Kiilli2"'im (E) for all positive integer m and all

iy, ig, ...i;m; € N. In the case of m =1, in particular, o e Kiill (E) for all
i € N. This implies that oe K;(E) for all i €N since
Kllll(E’) = K; (E). In the case of m>1,0¢ K;lliZ"'im (E) means that
o € K(E), that is, (Ajey Pj)(0) c E, by the assumption of this
lemma. Since P, is a refinement of Aj.nyP;, one can have that
P, (0) c (Ajeny Pj) (o). Since oy € (Ajeny Pj)(0) for all oy € P (o)
and P, is a refinement of Aj.nP;, moreover, one can have that
P, (03) © (Ajen Pj)(®). Similarly, since o3 € (Ajeny Pj)(0) for all
o3 € P, (o) and P, is a refinement of A;cyPj, one can have that
P, (o3)  (Ajen Pj)(®). Repeating the same argument, one can have

that P, (0p,) c (Ajeny Pj)(0) since o, € (Ajey Pj)(0) for all

oy € P, (o,1) and P, is a refinement of Aj.yP;. In summary, one
can have that for all oy € P;(»), all o3 € P,(0g),..., and all
o, € P (0,4), P, (0,)c E, whichmeans weK; (K;,(-(K; (E))))

for all positive integer m and all 7, iy, ...7,, € N.

Lemma 9. For ® € Q and event E,o € K; (K, (- (K; (E)))) for

all positive integer m and all iy, iy, ...1,, € N implies that ® € A™(E)

for all positive integer m.

Proof. For ie N and i, iy, ...i,,_.1 € N, one can have that
o e K; (K ( ---(Kim_l(Ki(E))))), which means that oe;yKj
(Ki2( (Kim,l(Ki (E))))). Applying Lemma 6 repeatedly, one can have
that oeK; (K;,(-(K; (Nieny Ki(E))))) =K (K, (-(K;, | (A(E))))).
Then, it is satisfied that o € K; (K, (- (K; ,(K;(A(E)))))) form € N

and  i,ig,...ip—2 € N, which means that oecyK; (K,
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(- (K; ,(K;(A(E)))))). Applying Lemma 6 repeatedly again, one can

have  that o e K; (K, (- (K; , (Nieny K (A(E)))))) = K, (K;,

(- (K; .(A%(E))))). By induction, one can have that o € A™(E).

)

Theorem 1. Consider (N, Q, (P;);cn,(P;);en), where for i e N,
P; = (P7)jen Joeyy and Pii = P,. Then, CT(E) = CK(E) for all event
EcQ,if PP = njenyPj forallie N andall o € Y such that ¢ # i,
where A jcn Pj is the finest coarsening of (P;);. -

Proof. Let us assume that @ € CK(E). Then, by definition, for all
positive integer m, w € A™(E). By Lemma 7, for all i, iy, ...7,, € N,
o e K; (K, (- K; (E))).

By Lemma 8, o € K; (K;, (- K; (E))) for all positive integer m and
all iy, iy, ...7,, € N implies that o € KiilliQ"'im (E) for all positive integer
m and all i, iy, ...7,, € N, thus it follows that for all i € N and all
ceY;,oe A°(E). Then, one can have that for all i € N, o € CT;(E),
and, by definition, that » € CT(E).

Let us assume that o € CT(E). Then, by definition, one can have
that for all i € N, o € CT;(E). Moreover, also by definition, it is satisfied

that for all i € N and all c € Y], ® € A°(E). This implies that for all

itive i - : iyig i
positive integer m and all i, iy, ...,5, € N, o € Ki112 m(E). By

Lemma 8, o€ K;lli?"’im (E) for all positive integer m and all
i), igs .-l € N implies that o € K; (K, (- K; (E))) for all positive
integer m and all i, is, ..., i, € N, thus, by Lemma 9, it follows that for

all positive integer m, o € A™(E). This implies, by definition, that
o e CK(E).
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8. Conclusions

In this paper, the author provided an example which indicates that
updating knowledge is not straightforward in the conventional model of
knowledge, and gave a resolution using players’ perceptions of
information partitions. The validity of the resolution was generally
confirmed by one lemma (Lemma 1) and two propositions (Propositions 1
and 2). Whereas the knowledge of a player, in particular, higher-order
knowledges in the conventional model is defined by involving the
knowledge of others, the thought of a player is defined by involving only
the player’s perceptions of the information partitions The definition of
thought is consistent with our usual understanding that “knowledge” of a

player is independent of “knowledge” of others.

The author also treated higher-order perceptions of players and
defined the concept of common thought, that was an analogue of the
concept of common knowledge. It was verified in Theorem 1 that the
concept of common knowledge and that of common thought are
equivalent under the condition of perception of finest common coarsening

of the players’ information partitions.

By an example in Section 6 (see Table 5), it was shown that the
concept of common knowledge and that of common thought are mutually
different concepts. The difference between the concept of common
knowledge and that of common thought reflects the differences of the
approaches to incompleteness of information in the theory of games of
incomplete information and in the theory of hypergames. One of the
critical differences in on the knowledge of the states in an element of an
information partition. That is, in the theory of games of incomplete
information, a player knows which state belong to an elements of an
information partition. Thus, a player is assumed to have probability
distribution on the state, and the type space [7] is reasonable to be
considered. On the other hand, in the theory of hypergames, a player does
not know which states belong to elements of an information partition. So,
it is reasonable to assume that a player has his/her perceived game.
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Both of the theory of games of incomplete information and the theory
for hypergames treat incompleteness of information in games, but they
has been developed without interaction. The concepts that were newly
proposed and concretely defined in this paper, and possible
generalizations of the concept of thought and that of common thought by
using the framework of interperception, in particular, the concept of
schemes in [8] will connect those two theories, and lead us to a more
fruitful theory.
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